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a b s t r a c t
A technique based on the reduction of order for solving differential equations is employed
to investigate a generalized nonlinear Boussinesqwave equation. The compacton solutions,
solitons, solitary pattern solutions, periodic solutions and algebraic travelling wave
solutions for the equation are expressed analytically under several circumstances. The
qualitative change in the physical structures of the solutions is highlighted.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The classical Boussinesq equation
utt = −αuxxxx + uxx + β(u2)xx (1)
was originally introduced as a model for one-dimensional weakly nonlinear dispersive waves in shallow water, and was
subsequently applied to explain problems in the percolation of water in porous subsurface strata. It was also used in the
analysis of many other physical processes. In [1], the linear Boussinesq equation
utt − α1uxx − β1uxxxx = 0 (2)
was examined and studied in detail. Yan [2] used the Adomian decomposition approach to study a generalized nonlinear
Boussinesq equation written as
utt − (um)xx − (un)xxxx = 0, (3)
from which new families of compacton solutions and other forms of travelling wave solutions were derived.
Up until now, various generalizations of the classical Boussinesq wave equation have been proposed and studied to
probe the dynamic properties of water motions. The generalized Boussinesq equations have been successfully applied in
coastal engineering for simulating wave propagation from the deep sea to a shallow-water region and in naval architecture
for computing ship waves in shallow water (see [3–7]). Kaya [3] obtained the exact and numerical solitary wave solutions
for a generalized modified Boussinesq equation. Elgarayhi and Elhanbaly [4] discussed and analyzed new exact travelling
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wave solutions for the two-dimensional KdV–Burgers and Boussinesq equations. By making use of the sine–cosine method
technique, Wazwaz [7] obtained various forms of travelling wave solutions for improved Boussinesq equations with
positive or negative exponents. It was highlighted in [7] that the variants and exponents in the equations directly lead
to a qualitative change in the physical structures of the obtained solutions. Lai and Wu [8,9] proposed an approach for
constructing asymptotic solutions in a Sobolev space for generalized Boussinesq equations. For more details about various
forms of travelling wave solutions for nonlinear partial differential equations, the reader is referred to [10–15] in which
many analytical and numerical methods such as the inverse scattering method, the Bäcklund transformation, the pseudo-
spectral methods, the Galerkinmethod, the finite differencesmethod, the sine–cosine ansatz, the tanhmethod, the Darboux
transformation and the Painlevé analysis have been presented.
Using the tanhmethods,Wazwaz [16] obtained the compacton solutions, solitons, solitary pattern solutions and periodic
solutions for the Boussinesq wave equation
utt − uxx + 3(u2)xx + a1uxxxx = 0, (4)
and its generalized form
utt − uxx + 32 (u
m)xx + a1uxxxx = 0, (5)
where a1 6= 0 andm 6= ±1 are constants.
In the present work, by making use of a mathematical technique different from those in previous work [1,2,7,16,17], we
will study the following generalized Boussinesq equation
utt − uxx + a(um)xx + b(un)xxxx = 0, (6)
where a 6= 0, b 6= 0,m 6= 0 and n 6= 0 are constants. We call Eq. (6) the GB(m, n) equation. The main approach used in this
paper is a technique based on the reduction of order of solving nonlinear differential equations.
The objective of this paper is to investigate five different cases of the nonlinear GB(m, n) equation. The five cases are
GB(m, 1), GB(1, n), GB(2 − n, n), GB( n+12 , n) and GB(n, n). For the GB(m, 1) equation, it is shown that the coefficient b, the
wave speed and the exponentm directly lead to the qualitative change in the physical structures of the solutions while for
the GB(n, n) equation, the variants a and b together with exponent n result in the change. The algebraic travelling wave
solutions for equations GB(1, n), GB(2− n, n) and GB( n+12 , n) are acquired.
2. The GB(m, 1) equation
Firstly, we consider the solution of the equation(
dW
dz
)2
= W 2(a0 + b0W 2), (7)
where a0 6= 0 and b0 6= 0 are constants.
When a0 < 0, we assume that the solution of Eq. (7) takes the form
W = A sec(Bz), (8)
where A and B are unknown constants. Substituting (8) into (7) yields
A2 sec2(Bz) tan2(Bz).B2 = A2 sec2(Bz)[a0 + b0A2 sec2(Bz)]. (9)
Using triangle identity sec2 y = 1+ tan2 y and Eq. (9), we derive
B2 = −a0, A2 = −a0b0 . (10)
Thus, Eq. (7) admits the solution
W1 = ±
√
−a0
b0
sec[√−a0z], a0 < 0, (11)
where
√
− a0b0 is a real number if
a0
b0
< 0 and
√
− a0b0 = i
√
a0
b0
if a0b0 > 0. Similarly, assumingW = A1 csc(B1z), we obtain the
solution of Eq. (7) in the form
W2 = ±
√
−a0
b0
csc[√−a0z], a0 < 0. (12)
S. Lai / Journal of Computational and Applied Mathematics 231 (2009) 311–318 313
When a0 > 0, using (11), (12) and identities sech(y) = sec(iy) and csch(y) = i csc(iy), we know that Eq. (7) has two
solutions of the form
W3 = ±
√
−a0
b0
sech[√a0z], W4 = ∓i
√
−a0
b0
csch[√a0z]. (13)
Now, we deal with Eq. (6) wherem 6= 0,−1 and n = 1. Namely,
utt − uxx + a(um)xx + buxxxx = 0, m 6= 0,m 6= −1. (14)
We seek the travelling wave solutions for Eq. (14) in the form u = u(ξ) with wave variable ξ = µ(x − ct − x0) where
µ 6= 0, c 6= 0 and x0 are arbitrary constants. The wave variable ξ turns Eq. (14) into the following ordinary differential
equation (ODE)
µ2(c2 − 1)uξξ + µ2a(um)ξξ + bµ4uξξξξ = 0. (15)
Integrating Eq. (15) twice and letting the constants of integration be zero give rise to
(c2 − 1)u+ aum + bµ2uξξ = 0. (16)
The transformation dudξ = Z turns Eq. (16) into the first order ODE
bµ2ZdZ = [(1− c2)u− aum]du. (17)
Integrating (17) with respect to u and ignoring the integral constant lead to
bµ2Z2
2
= (1− c
2)u2
2
− au
m+1
m+ 1 , (18)
from which we obtain(
du
dξ
)2
= u
2
µ2
[
1− c2
b
− 2a
b(m+ 1)u
m−1
]
. (19)
Case 2.1.m = 1. It follows from Eq. (19) that the travelling wave solution of Eq. (14) takes the form
u = e±
√
1−c2−a
b |x−ct−x0|. (20)
Case 2.2.m 6= ±1. Letting um−1 = V 2, we have
u = V 2m−1 , (21)
du = 2
m− 1V
2
m−1−1dV . (22)
Substituting (21) and (22) into Eq. (19) results in the following equation(
dV
dξ
)2
= (m− 1)
2V 2
4µ2
[
1− c2
b
− 2a
b(m+ 1)V
2
]
. (23)
Case 2.2.1. c = ±1 andm 6= ±1. This case allows Eq. (14) to have the solution in the form
u =
{
− 2b(m+ 1)
a(m− 1)2(x± t − x0)2
} 1
m−1
. (24)
Case 2.2.2. 1−c
2
b < 0 andm > 1. Using (7), (11), (12) and Eq. (23), we get the periodic solutions of Eq. (14) in the form
u =
{
(m+ 1)(1− c2)
2a
sec2
[
m− 1
2
√
c2 − 1
b
(x− ct − x0)
]} 1
m−1
(25)
and
u =
{
(m+ 1)(1− c2)
2a
csc2
[
m− 1
2
√
c2 − 1
b
(x− ct − x0)
]} 1
m−1
. (26)
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Case 2.2.3. 1−c
2
b > 0 andm > 1. It follows from (7), (13) and (23) that Eq. (14) has solutions given in the form
u =
{
(m+ 1)(1− c2)
2a
sech2
[
m− 1
2
√
1− c2
b
(x− ct − x0)
]} 1
m−1
(27)
and
u =
{
− (m+ 1)(1− c
2)
2a
csch2
[
m− 1
2
√
1− c2
b
(x− ct − x0)
]} 1
m−1
. (28)
Case 2.2.4. 1−c
2
b < 0,m < 1 andm 6= −1. Making use of (25) and (26), we have compacton solutions written asu =
{
2a
(m+ 1)(1− c2) cos
2
[
m− 1
2
√
c2 − 1
b
(x− ct − x0)
]} 1
1−m
,
∣∣∣∣∣m− 12
√
c2 − 1
b
(x− ct − c0)
∣∣∣∣∣ < pi2 ,
u = 0, otherwise
(29)
and u =
{
2a
(m+ 1)(1− c2) sin
2
[
m− 1
2
√
c2 − 1
b
(x− ct − x0)
]} 1
1−m
,
∣∣∣∣∣m− 12
√
c2 − 1
b
(x− ct − c0)
∣∣∣∣∣ < pi,
u = 0, otherwise.
(30)
Case 2.2.5. 1−c
2
b > 0,m < 1 andm 6= −1. Using cosh x = cos ix and sinh x = −i sin ix, we get the solitary pattern solutions
of Eq. (14) in the form
u =
{
2a
(m+ 1)(1− c2) cosh
2
[
m− 1
2
√
1− c2
b
(x− ct − x0)
]} 1
1−m
(31)
and
u =
{
− 2a
(m+ 1)(1− c2) sinh
2
[
m− 1
2
√
1− c2
b
(x− ct − x0)
]} 1
1−m
. (32)
From formulas (25)–(32), it can be concluded that the factor c
2−1
b together with exponent m directly determines the
qualitative change in the physical structures of solutions for the GB(m, n) equation wherem 6= ±1 and n = 1.
3. The GB(1, n) equation
Form = 1, following the same procedure as in Section 2, we obtain from the GB(1, n) equation that
(c2 − 1+ a)u+ µ2bZ dZ
dun
= 0, n 6= 0, n 6= ±1, (33)
where Z = dundξ . It can be derived from (33) that
(c2 − 1+ a)undu+ bµ
2
n
ZdZ = 0. (34)
Integrating (34) with respect to u and ignoring the integral constant yield
2n(c2 − 1+ a)un+1
b(n+ 1)µ2 + Z
2 = 0, (35)
from which we have
2(c2 − 1+ a)u3−n
bn(n+ 1)µ2 +
(
du
dξ
)2
= 0. (36)
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Solving the above first order equation,we obtain the algebraic travellingwave solutions for theGB(1, n) equationwith n 6= 0
and n 6= ±1 as follows
u =
{
(n− 1)2(1− c2 − a)
2n(n+ 1)b (x− ct − x0)
2
} 1
n−1
. (37)
If b > 0, 1 − c2 − a > 0 and n < 1, the above solution becomes the algebraic solitary wave solutions of the GB(1, n)
equation.
4. The GB(m, n) equation withm+ n = 2
As in Section 2, we let the wave variable ξ = µ(x− ct − x0) (c 6= 0, µ 6= 0) which turns Eq. (6) into the following
(c2 − 1)uξξ + a(u2−n)ξξ + µ2b(un)ξξξξ = 0, (38)
where n 6= 0,±1. Integrating (38) twice and setting the constants of integration to be zero give rise to
(c2 − 1)u+ au2−n + µ2b(un)ξξ = 0. (39)
Letting Z = dundξ , we have (un)ξξ = Z dZdun , and thus Eq. (39) becomes
µ2bZdZ = n[(1− c2)un − au]du. (40)
Integrating (40) with respect to u and ignoring the integral constant yield
bµ2Z2 = 2n(1− c
2)
n+ 1 u
n+1 − anu2, (41)
from which we obtain
bµ2
(
nun−1du
dξ
)2
= un+1
[
2n(1− c2)
n+ 1 − anu
1−n
]
. (42)
Letting u1−n = V 2 leads to
u = V 21−n , (43)
du = 2
1− nV
2
1−n−1dV . (44)
It follows from (43) and (44) that Eq. (42) becomes
dV
V 2
√
2n(1−c2)
b(n+1) − anb V 2
= ±1− n
2nµ
dξ . (45)
Using the integral formula
∫ dz
z2
√
a0+b0z2
= −
√
a0+b0z2
a0z
and Eq. (45), we get the algebraic travelling solution for the GB(m, n)
equation wherem+ n = 2(n 6= 0, n 6= ±1) is expressed in the form
u =
{
2n(1− c2)b(n+ 1)
anb(n+ 1)2 + (1− c2)2(1− n)2(x− ct − x0)2
} 1
1−n
. (46)
For abn > 0, n 6= −1 and n < 1, we know from formula (46) that the life span of the algebraic solitary wave solutions for
the GB(m, n) equation in the case where m + n = 2 is infinite. If abn < 0, it can be deduced that the life span is finite for
n < 1, and infinite for n > 1, respectively.
5. The GB(m, n) equation with n = 2m− 1
Form = n+12 , following the same procedure as in Section 2, we have
(c2 − 1)u+ au n+12 + µ2b(un)ξξ = 0, (47)
where n 6= − 13 , n 6= ±1 and wave speed c 6= ±1. Under the transformation Z = (un)ξ , the above equation becomes[
(c2 − 1)u+ au n+12
]
nun−1du+ bµ2ZdZ = 0. (48)
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Integrating (48) and letting the constant of integration be zero, we get
µ2Z2 = 2n
[
(1− c2)un+1
(n+ 1)b −
2au
3n+1
2
b(3n+ 1)
]
, (49)
which gives rise to
µ2
[
2ndu
n−1
2
(n− 1)dξ
]2
= 2n
[
(1− c2)
(n+ 1)b −
2au
n−1
2
b(3n+ 1)
]
. (50)
Regarding u
n−1
2 as one function and using formula
∫ dz√
a0+b0z =
2
√
a0+b0z
b0
, we have
u =
{
(3n+ 1)(1− c2)
2a(n+ 1) −
a(n− 1)2(x− ct − x0)2
4nb(3n+ 1)
} 2
n−1
. (51)
6. The GB(m, n) equation withm = n
Before we investigate the GB(n, n) equation, we discuss the solution of the equation(
dY
dz
)2
= a0 − b0Y 2, (52)
where a0 and b0 are nonzero constants. When b0 > 0, Eq. (52) admits two solutions
Y1 = ±
√
a0
b0
sin[√b0(z + λ)], Y2 = ±√a0b0 cos[√b0(z + λ)], (53)
where λ is an arbitrary constant. When b0 < 0, noticing that cosh2 z− sinh2 z = 1, we derive that Eq. (52) has two solutions
of the form
Y3 = ±
√
−a0
b0
sinh[√−b0(z + λ)], Y4 = ±i√−a0b0 cosh[√−b0(z + λ)], (54)
where i = √−1.
Lettingm = n in Eq. (6), in terms of wave variable ξ = µ(x− ct − c0), we get
µ2(c2 − 1)uξξ + µ2a(un)ξξ + bµ4(un)ξξξξ = 0. (55)
Integrating Eq. (55) twice and letting the constants of integration be zero result in
(c2 − 1)u+ aun + bµ2(un)ξξ = 0. (56)
Setting Z = dundξ , we have (un)ξξ = Z dZdun , and Eq. (56) changes into the following
(c2 − 1)u+ aun + bµ2Z dZ
nun−1du
= 0. (57)
Integrating (57) and ignoring the constant of integration yield
µ2Z2 = 2n
[
1− c2
(n+ 1)bu
n+1 − a
2nb
u2n
]
. (58)
It follows from the above equation that
µ2
(
2n
n− 1
)2 (du n−12
dξ
)2
= 2n(1− c
2)
b(n+ 1) −
a
b
un−1. (59)
Setting V = u n−12 makes (59) become
µ2
(
2n
n− 1
)2 (dV
dξ
)2
= 2n(1− c
2)
b(n+ 1) −
a
b
V 2. (60)
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Case 6.1. ab > 0 and n > 1. Using (53) to solve Eq. (60), we get that the compacton solutions for the GB(n, n) equation have
the formu =
{
2n(1− c2)
a(n+ 1) cos
2
[
n− 1
2n
√
a
b
(x− ct − x0)
]} 1
n−1
,
∣∣∣∣n− 12n
√
a
b
(x− ct − x0)
∣∣∣∣ < pi2 ,
u = 0, otherwise
(61)
and u =
{
2n(1− c2)
a(n+ 1) sin
2
[
n− 1
2n
√
a
b
(x− ct − x0)
]} 1
n−1
,
∣∣∣∣n− 12n
√
a
b
(x− ct − x0)
∣∣∣∣ < pi,
u = 0, otherwise.
(62)
Case 6.2. ab < 0 and n > 1. Using (54), we get that the GB(n, n) equation has solitary pattern solutions of the form
u =
{
2n(1− c2)
a(n+ 1) cosh
2
[
n− 1
2n
√
−a
b
(x− ct − x0)
]} 1
n−1
(63)
and
u =
{
−2n(1− c
2)
a(n+ 1) sinh
2
[
n− 1
2n
√
−a
b
(x− ct − x0)
]} 1
n−1
. (64)
Case 6.3. ab > 0 and n < 1. We obtain the periodic solutions
u =
{
a(n+ 1)
2n(1− c2) sec
2
[
n− 1
2n
√
a
b
(x− ct − x0)
]} 1
1−n
(65)
and
u =
{
a(n+ 1)
2n(1− c2) csc
2
[
n− 1
2n
√
a
b
(x− ct − x0)
]} 1
1−n
. (66)
Case 6.4. ab < 0 and n < 1. This case allows the GB(n, n) equation to have solutions given by
u =
{
a(n+ 1)
2n(1− c2) sech
2
[
n− 1
2n
√
−a
b
(x− ct − x0)
]} 1
1−n
(67)
and
u =
{
− a(n+ 1)
2n(1− c2) csch
2
[
n− 1
2n
√
−a
b
(x− ct − x0)
]} 1
1−n
. (68)
It can be concluded from this section that the exponent n and the ratio ab , positive or negative, directly determine the
qualitative change in the physical structures of travelling wave solutions for the GB(n, n) equation.
7. Conclusion
In this paper, we derive the explicit formulas of travelling wave solutions for the generalized Boussinesq wave equation
GB(m, n) in five cases which are GB(m, 1), GB(1, n), GB(2−n, n), GB( n+12 , n) and GB(n, n). For equation GB(m, 1), it is shown
that thewave speed c , the coefficient b and the value ofmdirectly determine the qualitative change in the physical structures
of the travelling wave solutions, while for the GB(n, n) equation, the ratio ab together with exponent n leads to the change.
The algebraic travelling wave solutions are obtained for equations GB(1, n), GB(2− n, n) and GB( n+12 , n).
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